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This supplementary material presents details of the Birch-Murnaghan (BM) parameterization and resulting EPOC-BM model (sections S1 and S2) and details of inversions using a dataset from the PREM study (section S3) and with STW105 as a base model (section S4). More background to the EPOC model is given including the prior tests used in the inversion (section S5), differential travel time calculations for a number of core-sensitive phases allowing the comparison of EPOC to other 1D models (section S6), and information about the non-linear dependence of the mode center frequencies on the elastic parameters (section S7). Also presented for reference are the center frequencies and uncertainties of the mode dataset used in the study (section models (section S9).
The Birch-Murnaghan equation-of-state, to the third order, along an isentrope is used to parameterize the outer core density and velocity and is expressed in the same three parameters as the Vinet EoS: K 0S , the bulk modulus at ambient conditions, K 0S the derivative of the bulk section S1 Birch-Murnaghan EoS . S8), the outer core velocity and density as a function of depth for the EPOC-Vinet and EPOC-BM modulus with pressure, and V 0 the molar volume at ambient conditions. All of these parameters are taken to be at constant entropy. The Birch-Murnaghan EoS formulation (as implemented in BurnMan (29, 30) ) is solved to retrieve molar volume, V , at pressure, P P = 3K 0S f (1 + 2f ) 5/2 1 + 3 2 (K 0S − 4) f ,
with f = 1 2
Similar to the procedure for the Vinet EoS, we use a fixed molar mass M of 0.05 kg/mol to and present results for reference density, ρ 0 . This is to avoid the inherent trade-offs between molar mass and molar volume. Starting with PREM pressures, the densities and resulting pressures are again iterated until convergence.
The Birch-Murnaghan formulation further defines the isentropic bulk modulus, K S
with which we can compute the bulk sound (outer core P-wave) velocity.
Here we present the mineral physics parameters and figures for the EPOC-Birch Murnaghan model. The velocity and density of the EPOC-BM model are very close to those of EPOCVinet, but the different formulation of the BM EoS means that the values at ambient conditions are markedly different. This is evidenced by the differences between the EoS parameters which fit PREM best for the two different formulations. For example, PREM's reference isentropic bulk modulus, K 0S , is 79.7GPa using the Vinet EoS and 134 GPa using the BM EoS. It is therefore extremely important to use the appropriate EoS when using a particular set of EoS parameters. Doing so leads to the very similar velocity and density models for the outer core shown in tables S3 and S4. 7.57×10
−6
Reference molar volume ( 7.55×10 −6 -7.72×10 −6 ) able S1 Elastic parameters for the outer core for the Birch-Murnaghan EoS, and for BirchMurnaghan EoS fits to PREM. Molar density parameters are given for a fixed molar mass of 0.05 kg. The values in brackets encompass two thirds of the parameter ranges, similar to the 1σ range for normally distributed parameters. Figure S1 : Parameter posterior distributions and trade-offs for the three Birch Murnaghan EoS parameters. ρ 0 is presented using the fixed molar mass of 0.05 kg and inverted molar volume. The black stars show the median values, used to find the velocity and density models used for the EPOC-BM model in Figure S2 . ig S2 The EPOC-BM velocity and density models. a) P-wave or bulk sound velocities and b) densities for the EPOC-BM models compared to PREM (orange lines). The models produced by the median parameters are shown as the dark green lines, the shaded region encompasses two thirds of the models and the dashed lines contain 95% of the models. Our inversion uses an updated data compilation as well as a different parameterization and inversion procedure compared to the study producing PREM (6). To understand better which of these changes are responsible for differences between EPOC and PREM, we have carried out an inversion using only the modes also used in the construction of PREM. Specifically, we have used the center frequencies from the PREM paper of the 240 modes in our dataset which were also present in the original PREM inversion, avoiding, for example, inner core sensitive modes. We use the errors as assigned in this study. The results of this inversion are shown in Figure S4 . We note that body wave data (SKS, PKP, PKIKP and PcP-PKiKP) were also used in the construction of PREM, while in this test, we only consider the modes common to the two inversions. and b) densities for EPOC-Vinet (green) compared to PREM (orange lines) and the results of the inversion using data from the PREM study (blue). The models produced by the median parameters for EPOC-Vinet are shown as the dark green lines, the shaded region encompasses two-thirds of the values and the dashed lines 95% of the values at each depth
The results of this test show that both the new data and the inversion method are important in fig. S4 . Models produced by inversion of PREM data. a) P-wave or bulk sound velocities, section S3 Inversion using PREM data . allowing us to create our new model of outer core structure. Using the old mode measurements leads to a model with a velocity which is very close to that of PREM in the upper outer core -indeed the lines representing PREM and our inversion using PREM data are not easy to tell apart. The velocity difference at the CMB is 0.0145km/s. Thus, we conclude that our new data set, which consists of updated mode measurements from more recent observational studies (21-25) and contains modes not measured for the PREM study, is the reason that EPOCVinet has a lower velocity than PREM at the CMB.
The shape of the velocity curve deeper in the outer core, and the density model across the entire outer core are not the same as either PREM or EPOC-Vinet. The velocity in the deeper outer core in our modeling approach is less controlled by the normal mode data set, as inner core sensitive modes are excluded, and the resulting data set has less sensitivity to the deeper outer core (see Figure 5 in the main paper). Velocities at deeper depths are more controlled by the equation of state and therefore by the extrapolation from the constrained velocity gradients at the top of the outer core. The density of this test inversion lies between that of PREM and the EPOC-Vinet model, and at the lower end of the EPOC-Vinet 66% percentile bounds. This illustrates the higher density we find in EPOC-Vinet is not entirely due to the data we use, but could be do to different inversion and parameterization choices between the studies. In the PREM study, density is initially set to fit the Adams-Williamson equation and mass and moment of inertia are included as a constraint in the inversion; either of these might have impacted the final model.
Our inversion is for properties within the outer core; therefore, we assume a fixed model in the mantle and inner core. We partly accommodate this by assigning large error bars to mode center frequencies that are more sensitive to a different model at shallower depths. To further undersection S4 In version using STW105 for the rest of Earth . stand the effect of changing the reference model used for the rest of the Earth we carried out a test inversion using STW105 (27) to represent the structure of the rest of the Earth. STW105
provides both velocity and density profiles. We use the same modes as in the main paper, and seek the Vinet EoS coefficients and corresponding velocity and density models which best fit the data. The results are shown in fig. S5 . velocities, and b) densities for EPOC-Vinet (green) compared to PREM (orange lines) and the results of the inversion using STW105 to represent structure elsewhere in the Earth (purple). The models produced by the median parameters for EPOC-Vinet are shown as the dark green lines, the shaded region encompasses two-thirds of the values and the dashed lines 95% of the values at each depth.
The outer core velocity obtained assuming STW105 outside the outer core differs from that in EPOC by up to 0.033 km/s. The difference is greatest at the CMB, where this model slower than EPOC-Vinet, which is in turn slower than PREM. Near the inner core, this model is faster than both EPOC-Vinet and PREM. In other words, the model's velocity gradient across the outer core is steeper than that in EPOC-Vinet and PREM. The 95% intervals for the EPOC-Vinet and the STW105-based velocity models overlap everywhere except at depths 323-576 km below the CMB; in this region the width of the interval is narrow (0.009 -0.018 km/s). When STW105 fig. S5 . Models produced using STW105 for the rest of Earth. a) P-wave or bulk sound is assumed outside the outer core, the densities obtained are higher than those in EPOC-Vinet throughout, by 0.066-0.100g/cm 3 from the CMB to ICB respectively. The reduced chi-square misfit is greater for this model than for EPOC-Vinet by 6%. We therefore prefer EPOC-Vinet to this model.
The large error bars on density for EPOC, together with changes in density profiles resulting from changing assumptions about structure outside the outer core, show that density is poorly constrained by mode center frequencies, and sensitive to changes in the mantle. Our results call for the density to be re-evaluated on a global scale. This is beyond the scope of this study, as the parameterization applied here is only a valid assumption for the well-mixed homogeneous outer core. Nevertheless, the fact that densities obtained assuming STW105 outside the outer core are even greater than those of EPOC, and the velocities at the top of the outer core even lower, gives us confidence that the main conclusions of our study, and the distinctive features of EPOC, appear to be robust with respect to an alternative realistic mantle model.
Previous geophysical tests
To speed up the Monte Carlo search through the parameter space, we conduct a number of computational inexpensive tests that reject nonphysical models before computing their normal mode eigenfrequencies. Care is taken to ensure that our posterior distribution is not influenced by these prior tests. Firstly, we require that the outer core's mass and MoI must be within 5% of the PREM values. For our final ensemble of models, all of the masses and moments of inertia are are within 3% of PREM, showing that these tests do not affect our parameter distributions.
Secondly, we make restrictions on the velocity and density jumps at the CMB and ICB: the outer core's density should be less than that of the inner core; the velocity at the CMB should higher than the shear wave velocity of the mantle; and the velocity at the ICB should be lower than the compressional wave velocity in the inner core. Additionally, models which fail to compute the ection S5. s presence of at least one of the modes observed in the target frequency window of 0.1 -10 mHz are penalized; all of the accepted models produce all of the modes observed.
Here we show the differential travel time predictions, calculated using the TauP toolkit (61) for a range of body wave phase pairs relative to PREM: SKKS-SKS, SKKS-SKKKS, SKKS-SKKKKS, SKKKS-SKKKKS and PKIKP-PKP. Of these phases, the SmKS pairs are sensitive to the top of the outer core, while the PKIKP-PKP pair is sensitive to the lower half of the outer core. The relative differential travel time, rdt ph1−ph2 , for a pair of seismic phases, ph1 and ph2, are calculated for a given model, model, in reference to PREM as follows wave-derived models. We are only able to calculate these relative differential travel times where both elements of the phase pair exist for both PREM and the model in question; thus we do not specifically address here the ranges over which ray theory can predict the presence of certain body wave phases. Beyond the comparison to the observations from (18) in the main text, these results provide another independent body wave validation of our velocity profile.
In a non-rotating, spherically-symmetric model of the Earth, the center frequencies of normal modes can be computed by integrating a set of differential governing equations, e.g. (34). To first order, Coriolis terms do not affect normal mode center frequencies (26, 62). We compute the effects of ellipticity to first order (26), and correct our dataset accordingly, though the corrections are nearly negligible. The relationship between perturbations to the elastic properties of the spherically-symmetric Earth and the resulting perturbation to the center frequencies of normal modes is usually linearized using first order perturbation theory. Indeed, to first order, perturbations to the depth-profiles of elastic parameters can be treated in the self-coupling framework (26). Because the inaccuracy of this linearization can be greater than the uncertainty of the mode center frequencies (order 10 −3 for many modes used in this work), its use amounts to a degradation of the measurement precision -and thereby the information content of the dataset, e.g. (15). For each mode in our dataset, we compute the center frequency shift due to a 1% change in average v p in the outer core and compare it to the frequency shift predicted by first order perturbation theory. The absolute difference between the two shifts (∆ω N L ) is then compared to the to the measurement uncertainty, which accounts for uncertainties due to mantle structure as described in the main text. Figure 7 shows this comparison, with the size of the symbol proportional to the mode's sensitivity to outer core structure. From this figure, we section S7 Nonlinearity of center frequencies .
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